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Abstract 


In this paper, we use the one dimensional AH-isometry to find the structure of the solutions of many neutrosophic 
differential equations. These equations will be handled by the algebraic direct image of the neutrosophic AH- 
isometry taken in one dimension. 


Keywords:One-Dimensional Geometric AH-Isometry; Neutrosophic linear Differential Equation; 
Neutrosophicreal number. 


1. Introduction 


Neutrosophic logic. Neutrosophy, Neutrosophic set, Neutrosophic probability, are recently creations of 
Smarandache, being characterized by having the indeterminacy as component of their framework,and a notable 
feature of neutrosophic logic is that can be considered a generaliazationof fuzzy logics, encompassing the classical 
logic as well[1]. Also.F. Smarandache, has defined the concept of continuation of a neutrosophic function in year 
2015 in[1],and neutrosophicmereo-limit[1], mereo-continuity.Moreover, in 2014, he has defined the concept of a 
neutro-oscillator differentialin [3], and mereo-derivative. Finallyin 2013 he introduced neutrosophic integration in 
[2], and mereo-integral, besides the classical defintions of limit, continuity, deverative, and integral respectively. 
Among the recent applications there are: neutrosophic crisp set theory in image processing,neutrosophic setsmedical 
field [6-10], in information geographic systems and possible applications to database. Also,neutrosophic triplet 
group application to physics. Morever Several researches have made multiple contributions to neutrosophic topology 
and algebra [14-20, 34-50], Also More researches have made multiple contributions to neutrosophic analysis[21 — 
33]. Finally the neutrosophic integration may have application in calculus the areas between two neutrosophic 
functions. 
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2. Preliminaries 
Definition :Neutrosophic Real Number 


Suppose that w is a neutrosophic number, then it takes the following standard form: w = a + bI where a, b are real 
coefficients, and I represents the indeterminacy, where 0. = 0 and /” = / for all positive integers n. 


For example: 
w=1+2I,w=3=3+401. 
Definition :Division of neutrosophic real numbers 
Suppose that w 1, w2 are two neutrosophic number, where 
W, = a, + byI,wz = az + byl 
Then: 


W, atbl a, a,b, -—a,b, 
Wr Q,+bol ay a,(a, +b) 


Definition 


Let RU) = {a + bI ; a,b € R} where I? = Ibe the neutrosophic field of reals. The one-dimensional isometry 
(AH-Isometry) is defined as follows: 
T:R(I) RXR 
T(a+ bl) = (a,a+b) 
Remark 


T is an algebraic isomorphism between two rings, it has the following properties: 
1) T is bijective. 
2) T preserves addition and multiplication, i.e.: 
T[(a+ bl) + (c+ dl] =T(at+ bl) +T(c+dl) 
And 
TI(a+ bl): (c+ dl] =T(a+ bl) -T(c+dl) 
3) Since T is bijective, then it is invertible by: 
T+:RXR->R() 
T 1(a,b) =a+(b—-a)l 
4) T preserves distances, i.e.: 
The distance on R(J) can be defined as follows: 


Let A= a+ bI,B = c +dl be two neutrosophic real numbers, then L = \|AB || =d[(a+bl,c+dlI)] = 
ja+bI —(c+dl)| = |(a-—c) +1 -d)| =|a-cl|+I[la+b—c—a|—-|la-cl]. 


On the other hand, we have: 


T(||AB||) =(la-cl,|(at+b)—(c+d)|) = (d(a, c),d(a+b,c+ d)) =d[(a,a+b),(c,c+ d)|=d(T(a + 
bl), T(c + dl)) 


=|[T(4B)]). 


This implies that the distance is preserved up to isometry. i.e. ||T(AB)|| = T(||ABl|) 
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Neutrosophic linear differential equation. 


Inthis section is defined a linear differential equation by Using the One-Dimensional Geometric AH-Isometry and 
solutions are found for this equation. 


Neutrosophic identical linear differential equation. 
Definition 


Let Y = y, + y2l, X = x, + X21 We define the Neutrosophic identical linear differential equation by Using the One- 
Dimensional Geometric AH-Isometry as form: 


Y+f@y=0 

This equation can be written as follow: 
(1! + 1101 + ya)! — vs DF Oa) + TF Or + 2) — FODDO1 + y2!) = 0 
> y+ Fd +101 + ¥2)! — Fr + 2) + ¥2) — O1 + FO)1)] = 0 
Method of solution. 

1. Take AH-Isometry for the differential equation, we have. 
TO1 + Fad + On + ¥2)' — FO + %2)01 + ¥2) — 1 + FDI) = TO) 
= (vi + FO) 1 + Ya)! — Fr + X21 + Ya) = (0,0) 
Then. 


{ yi + fla) = 0... (1) 
(1 + ¥2)! — f(r + X2)(1 + Y2) = 0... (2) 


The equations (1)and (2)are two differential equation classical. 

2. We find the solution to the equations classical(1) and (2), we have. 
y, the solution to the equation (1). 
(1 + yz) the solution to the equation (2). 


3. We Take invertibleAH-Isometry, then, we have the solution of aNeutrosophic identical linear differential 
equation. 


Y=y, + yl =T VOI +92) = + (01 + ¥2) - yi) 
Example. Find a solution to the equation: 


faire 
z= 
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Solution. 


Let Y = y, + yol, X = x, + X21. Then. 


1 1 
f+ +1|( + yz) -——_—_~ 
V1 x, ¥1 7 V2 (x, +x) 


Now, Take AH-Isometry for the differential equation, we have. 


(1 + y2)' — O71 +2) = 0... (4) 


xy + xX, 
The solution of equation (3) written as follow: 


ph 
gia 


i= +a=e™% 4+q=— +a, wherea€ R. 
1 


The solution of equation (4) written as follow: 


1 
O1 + y2) =e Vig 


d(x1+X2) 


+b = e7n@it%2) 4 p = + b, where b € R 
X4+X2 


O14 + ¥2) — (>i + =y.)| = (0) 


Now, Take invertibleAH-Isometry, then, we have the solution of aNeutrosophic identical linear differential equation 


1 1 1 d, 
re f= (— — b) = ( b-—- yr 
y+ yo a 5 rarer a 


1 1 a 
Y= T= -——]l b-a)l 
Ya + Y2 paler a rere 


we have. 


1 1 1 if ~Xx5 1 1 
corer etc eigen 
Xy \Xy +X. XY X,  \x(%, + X2) X,+XI xX 
So that, 
1 
Y=y+yl =>+ (at bl) 


where a + bI € R(J). 


Example Find a solution to the equation: 
Y + 2xXY =0 


Solution. 
Let Y = V1 + y2I,X =X, + XI. Then. 
(v4 + 2x11, 1 + ¥2)' — 201 + X2)01 + Yo)) = (0) 


Now, Take AH-Isometry for the differential equation, we have. 
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{ yy + 2x,y, = 0...... (5) 
(1 + ¥2)! — 2(1 + x2) +2) = 0... (6) 


The solution of equation (5) written as follow: 

y, =e S241 4 g = e~ 1)" + a, where a € R. 

The solution of equation (6) written as follow: 

(y, + ye) = e7 f2@1t%2) deat) 4h = oe 1t%2)" +b, where b ER 


Now, Take invertibleAH-Isometry, then, we have the solution of aNeutrosophic identical linear differential equation 


Y=y, + yol =T1(e-” + a, e142)" + b) = + a + (e~1t%2)" 4b — eG” —a)I 
1 


Y=y, + yol = e714 (e~Gatx2)? - ea)" )] +a+(b-a)l 
we have. 
e741)? 4 (e7Gatx2) = ea)" )] = 7X? 
So that, 
Y=y,+yIl=e* +(at+bl) 
where a + bI € RU). 
Neutrosophic non-homogeneous linear differential equation. 
Definition 
We define the Neutrosophic non-homogeneous linear differential equation is taken the following forms: 
¥ + f(X)Y = g(X) 
This equation can be written as follow: 
On! +1101 + 2)" — DEO) + TF Oa + %2) — F@DDO1 + ¥2) = 9a) t+ Mg Gr + X2) — 94) 
= yi + FOdy1 + ILO1 + y2)! — FGA + 2)01 + ¥2) — O1 + FO] = 9@r) + Tg Oa + x2) — 9)] 
Method of solution. 
1. Take AH-Isometry for the differential equation, we have. 
TO + FO) + OA + ¥2)! — FO + X2)O1 + 2) — O1 + FODIDD = T9Oa) + Hg Ga + x2) — 91) 
= (yi + FO) V1 V1 + Ya)! — Fr + X2)01 + ¥2)) = (9), 9Ce1 + 2) 
Then. 
V+ FDI = GOA) 7) 


(1 + V2)! — f(%1 + X2) 1 + V2) = G(X + XQ) ve ee (8) 
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The equations (7) and (8)are two differential equation classical. 

2. We find the solution to the equations classical (7) and (8), we have. 
y, the solution to the equation (7). 
(y, + yz) the solution to the equation (8). 


3. We Take invertibleAH-Isometry, then, we have the solution of aNeutrosophic identical linear differential 
equation . 


Y=y¥, + yl =T VOI +92) = + (01 + y2) - yi) 
Example Find the general solution for the following neutrosophic non- homogeneous linear differential equation: 
¥+2xXY=X 
Solution. 
Let Y = yy + yol, X = xX, + X2/. Then. 
(vi + 2X4 V1, 1 + ¥2)' — 201 + XQ) + Y2)) = (%,%1 + X2) 
Now, Take AH-Isometry for the differential equation, we have. 


{ Vy + 2x yy = Hy eee (9) 
1 + Yo)! — 2%, + X2) 1 + V2) = Hy + XQ (10) 


The solution of equation (10) written as follow: 


y, =—(at f xyy(x,)dx,) = ar (a+ S xe” dx) = AP (a+- +2e@? ), where a € R. 


oo ) 
By the method same, The solution of equation (10) written as follow: 


(1 +2) = on (b +2 + =e latee)? ), where b € R 
e 


Now, Take invertibleAH-Isometry, then, we have the solution of aNeutrosophic identical linear differential equation 


1 1 1 
= _— 7-1 (x4)? (x1+x2)? 
Y=y,+y,1 =T (as Gea? (a+ 3° *4 ) er (0+; + =e 1t%2 )) 
=T71 (oe ne Ga 1(a,b)+T~ 1G ett, eterta?)] 


(1)? ? (x1 +%2)? 


Y=y,+yI = Loot —n | q E +(b—a)I + 1 oe? 4 (Fent? = se) I] 
1 2 e (1)? e(%1t%2)? pe (x1)? , 2 2 2 


By Definition 2.5, we have. 


1 1 1 ] 1 1 
e (1)? - (<= - ar) ~ e (1 +x21)? ~ ex? 
Andte&v” +4 1 (1 +%2)? = 1 41)? l= _ [eon" oh (e@t2)" = ev) 7] = 1 (1 +x21)? = tot 
2 2 2 2 2 2 


So that, 
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1 se 
Y= ty =sa[atbl +56 


where a + bI € RU). 


Example Find the general solution for the following neutrosophic non- homogeneous linear differential equation: 
Y + cotg(X)Y = sin(X) 
Solution. 
Let Y = yy + yol, X = xX, + X2/. Then. 
(1 + cotg (x1) V1, (V1 + Y2)' + cotg (xy + %2)O1 + y2)) = (sin(x,), sin@x, + X)) 
Now, Take AH-Isometry for the differential equation, we have. 


y1, + cotg(x,)y, = sin(x,) ... ... (11) 
ie + y2)' + cotg (x, + x2)(, + y2) = sin(y + x2) wo (12) 


The solution of equation (11) written as follow: 


y= (at f mean.) = (a+ J sinGe).sinGe)dr) = (a+ | sin?@aar) 


1 


sin(x4) 


y= (a + =H + + sin(2x,)),where aeR. 


By the method same, The solution of equation (12) written as follow: 


1 


(¥1 +2) = (6 + (34 +x.) + =sin(2(x, + %2))), where b € R 


sin(x1+X2) 


Now, Take invertibleAH-Isometry, then, we have the solution of aNeutrosophic identical linear differential equation 


“4 1 1 1. 1 1 1 |. 
Y=y,+y2l =T AGE) at hal + sin(2x1) ‘iG ae) b+ 5 (x, + x2) + qsin(2@ + 5) 


1 1 
sin(x,)’ sin(x, + x2) 


1 1 
). [re b)+T "1 (Fx5 (x, + «)) 


Y= y+ yl =T7( 5 


T-1 Bes 2 ts 2 
+ (sinc x1), 7 sin( oi +) 


1 1 1 1 1 1 
Y= pS |e (| Lea ee (5 ae i 
Yi + Ye many t (Saas na) | Jae a) vo z 1 + %2) rae 


oe 2 oe 2 os 2 I 
+ 7 sin( a1) + (Zsin( (x1 + x2) — zsin( «)] 


On the other hand, we have. 


1 4 1 1 )1 _ 1 - 1 
sin(x,) Cre + Xp) 7 sin(x,)/ — sin(x, +. x31) sin(X) 
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And= x; + (- (x1 + X2) = =x) 1 — = [x4 + (G4 + X>) — x,)I] = = (204 + X21) => =X 


And = sin(2x1) + (Esin(20, + %)) - *sin(2x)) = ~|sin(2x,) + (sin(20x, + X2)) - sin(2x,))| = 


= sin2(x, + x21) = ~sin2X 


So that, 


1 1 1 
Y= I =— bI+=X+-si 2x| 
¥1 + 2 sin(X) [a+ +5 +o 


where a+ bI € RU). 


Conclusion 


In this work we have used the one dimensional AH-isometry to find the solutions of many neutrosophic diiferential 
equations. Also, we have illustrated many examples to clarify the validity of our work. 


In the future, we aim to study refined neutrosophic differential equations. 
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